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ABSTRACT 
It is shown that the spectral orders in LP are induced by some cones. The result 
provides sufficient conditions of the Schur-Ostrowski type for isotonicity of differen- 
tiable functionals w.r.t the orders. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION 
This article deals with some preorders originated by Hardy et al. [4] in 
1934. In a Euclidean space the HLP preorders are usually called majoriza- 
tions. The notion of majorization, its properties and applications are collected 
in the book by Marshall and Olkin [6]. Infinite-dimensional versions of such 
preorders in a space of p-integrable functions are often called spectral 
orders. Some results about the spectral orders in the space of integrable 
functions w.r.t. the Lebesgue measure on the unit interval are due to Ryff 
[lo-121. Chong and Rice [l], Chong [2], and Sakai [I41 have developed the 
theory of spectral orders for real-valued functions on abstract measure spaces. 
A more general approach was presented by Hiai [5]. He has studied the 
problem in von Neumann algebras. 
The main results concerning both vector orders and functions preserving 
them appeared at the same time. Most of them focused on real functions 
preserving majorization. A fundamental result in the subject due to Schur [15] 
and Ostrowski [9] says that a real differentiable function preserves majoriza- 
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tion if and only if it is symmetric and its gradient is nonincreasing at each 
point with nonincreasing components. Marshall et al. [7] have proved that a 
continuous real differentiable function defined on a convex set preserves a 
cone preordering if and only if its gradient in any point of the interior of the 
set belongs to the dual of the cone which induces this preorder. It appears 
that the Schur-Ostrowski conditions can be easily obtained from the results 
by Marshall et al. Recently, Niezgoda and Otachel[8] have extended some of 
the results to vector-valued functions. 
It is well known that majorization on the cone of all nonincreasing vectors 
is a cone preorder induced by the dual of the cone (see 131). We show a 
similar result for spectral orders in LP with p > 1. The cone characterization 
of spectral orders yields some sufficient conditions of the Schur-Ostrowski 
type for differentiable functionals preserving the orders. 
2. PRELIMINARIES 
Let Lp := LP(Z), p > 1, be the space of all extended real-valued and 
measurable functions which are integrable with p-power on the unit interval 
Z provided with the Lebesgue measure EL. All p a.e. equal functions are 
identified. For convenience the elements of LP are not differentiated from 
their representatives. The symbol 11 xIJp d enotes Lp-norm of an element x of 
LP while clp(Z) denotes the closure of a set Z c LP in this form. To each 
r E LP assign its decreasing rearrangement x* E LP defined as the right- 
hand continuous inverse of the distribution function m(s) := ~{x > s}, i.e., 
x*(t) := sup{s : m(s) > t). 
A convex cone C in a real vector space is a nonempty subset of the space 
such that h,C + A,C c C for all nonnegative scalars A,, A,. The cone 
generated by a set Z is denoted by cone Z. 
Let Z be a subset of Lq with q > 1. The dual cone of the set Z in LP is 
defined as follows: dua$Z := {x E LP : /,xzdp > 0 for all z E Z}, where 
l/p + l/q = 1. Th e d 1 ua cone of any set Z is closed and, moreover, 
dualpZ = dualp(cly(cone Z)). (2-I) 
In our considerations we need the following auxiliary result. 
LEMMA 2.1. Let X be a real reflexive space and let C c X be a closed 
convex cone. Then dualcdual C) = C, where dual C denotes closed convex 
cone of all continuous linear functionals being nonnegative on C. 
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Proof. Assume that there exists an element x0 E dual(dual C) such that 
x0 @ C. By a separation theorem for convex sets there exists a continuous 
linear functional f and a real number A with properties fiO < A and fi > A 
for all x E C. Hence A < 0 because 0 E C. If A < 0 then -nAx E C for 
any x E C and any integer n, because C is a convex cone. Thus we have 
f(-nhx) > A and $r > -l/n; hence fi 2 0 for all x E C. If A = 0 then 
fi z 0 for x E C, as well. Therefore f E dual C. Since x0 E dual(dua1 C> we 
get fi,, 2 0. This contradicts the early assumption fiO < A < 0. The con- 
verse inclusion is obvious. ??
Let us collect some basic facts on HLP preorders in 8” and LP, 
respectively. For x E %” let r* = (XT, . . . , a$> be the vector obtained by 
rearranging the components of x in nonincreasing order. For any x, y E 3” 
we write y + x if 
ty*= 2x:, iy*< 5x7, k = 1,. . ., n - 1, (2.2) 
i=l i=l i=l i=l 
and y <<x if 
i=l i=l 
k = l,...,n. (2.3) 
The preorders < and << are usually called majorization and weak 
majorization, respectively. 
Similarly, for x, y E L p we write y + x if 
and y<*r if 
(2.5) 
The above preorders are often called strong and weak spectral order, 
respectively. 
The preorders < and <+ can be characterized in terms of cone 
preorders. A cone preorder is a relation 5 between vectors defined by 
y 5 x if and only if x - y E C, where C is a convex cone. In this situation 
we usually say that 5 is induced by C. 
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Let D := {x E !RH” : x1 2 ... > x,J and D+:= {x E %” : xl > *** > 
x, > 0). Majorization and weak majorization restricted to the convex cone D 
are cone preorders induced by dual D (see [3]) and dual D,, respectively. If 
Z is a subset of zn, then the symbol dual Z stands for the convex cone 
{x E !JI ” : ( z, x > > 0 for all z E Z), where ( * , * ) denotes the usual inner 
product in 8”. The convex cones D, D,, dual D, and dual D, have simple 
structures, namely (see [6]): 
D=cone{(l,O ,..., O),(l,l,O ,..., 0) ,..., (l,l,..., l), 
(-1, -l,..., -l)}, 
D+=cone((l,O ,..., O),(l,l,O ,..., 0) ,..., (l,l,..., l)}, 
dualD=cone{(l,-1,O ,..., O),(O,l,-1,O ,..., 0) ,..., 
(0, * * * 1 0, 1, - 1))) 
dual D+= cone{(l, -1,0 ,..., O),(O, 1, -1,0 ,..., 0) ,..., 
(0, * *. , 0, 1, -I), (0,. *. ,o, 1)). 
3. CONE CHARACTERIZATION OF SPECTRAL ORDERS 
Consider LP-space with p > 1. Define the following convex cones: 
DP := {x E LP : x J p a.e.}, 
LI; := {x E Lp : x > 0 p a.e.), 
DC := DP r-l Lr, 
where x 1 p a.e. means, that there exists a nonincreasing function x ‘(x ’ J in 
short) equal to x p a.e., or, equivalently, x is nonincreasing on a certain 
subset of I with measure 1. Define also some sets of step functions: 
E := { X[O, s] : 0 < s < I} u { - x[o, 11}, 
E+:= {x[o,s] :o <s Q I}, 
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G:= kc, -xn+e :E>O, IIcZandIl+ECZ}, 
H := { xn : II c I), 
H, := ( xIS,ll : 0 < s < l}, 
where xz is the characteristic function of a set 2 and II is an interval. 
The convex cone DP of all nonincreasing ZL a.e. functions in LP has a 
close connection with decreasing rearrangements of functions and the strong 
spectral order in L P. Now we give a characterization of the cone. 
THEOREM 3.1. The following statements hold: 
(a) DP = {x E LP : x = x* p a.e.} = (y E LP : y = x* p a.e., x E LP}, 
(b> DP = clp(cone E), 
(~1 Dp = IX E Lp : j,l(dt) - x(t + e))dp(t) >, 0 for all intervals II c 
Z and all E > 0 such that II + E c I). 
The proof of the theorem is preceded by 
LEMMA 3.1. For any function x: Z + 8’ the following conditions are 
equivalent: 
(i) x _1 p a.e., 
(ii) &T(x)) = l/2, h w ere p2 is Sdimensional Lebesgue measure and 
T(r) := {(s, t> E I’ : s < t and x(s) 2 x(t)}. 
Proof of the Lemma. Denote T(x),, .:= (t E [s, 11 : X(S) > x(t)), 
T(x).,, := {s E [O, t]: x(s) >, x(t)}. If x J a.e. then there exists a nonincreas- 
ing function x ’ such that x = x ‘CL a.e. and hence FL(T(x),, .) = 1 - s holds 
for every s with the property x’(s) = 4s). Therefore /AT(x),,.) = 1 - s CL 
a.e. for any s E I. Thus p&T(x)) = jI p(T(x),, .)dp(s) = j,(l - s)A = 
l/2. 
Conversely, assume 
l/2 = ~z(T(x)) = /~~(T(x),,.)d~W = h/@Wt)d~(t). 
Then /,p(T(x),,.)djAs) = jl<l - s)o!s and /,&Z(x)..t)d&) = j,tdt. 
Since p(T(x),,.) < 1 - s and ~(T(x).,~) < t we get p(T(x),,.) = 1 - s p 
and p(T(x) ) = t p Denote A := 
Fiek Z : /&T(x),,.) Ltl - s) and ‘G:= Err ~~~(T~lt).,:) k t}. We show that 
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x is nonincreasing on A n B. It will imply x E D P since p( A n B) = 1. 
Assume by contradiction that there exist r, Q E A n B with the property 
r < e such that x(r) < X(Q). We then have: T(x).,, = {s E [O, e): x(s) 2 
r(eN={sE[O,rl : r(s)>r(e))UIsE(r,el : x(s)>deNC{~E 
[O, ?-I : x(s) > x(r)) u {s E [r, 11 : x(s) > X(T)) = Ted.,. u ([r, ll\ 
T(r),, .I. Hence e = &Z’(X)., ,J ,< P(T(x)., ,.) + (1 - r) - &Z’(x),, .) = r + 
(1 - r) - (1 - r) = r. This contradicts our assumption and completes the 
proof of the lemma. ??
Proof of the Theorem 3.1. (a) Assume x is a nonincreasing function. Let 
0 < t < 1 and E > 0 be arbitrary. Then there exists a S > 0, such that 
x(t + S) > x(t + 0) - E, where x(t + 0) denotes the right-hand limit 
in t. Hence x(s) > x(t + 0) - 8 holds for each 0 ,< s < t + 6. Therefore 
m( x(t + 0) - E) > t for any E > 0. Hence ( y : y < x(t + 0)) C 
( y : m(y) > t). If y > x(t + 0) then (s : x(s) > y) C (s : x(s) > x(t + 0)) 
C [0, t]. Hence m(y) < t for any y > x(t + 0). Finally, ( y : m(y) > t) = 
(y : y < x(t + 0)). Thereby x*(t) = x(t + 0) for any t E [ 0, 1) . If t is a 
continuity point of x, then x*(t) = x(t). It implies that x = x* /.L a.e., 
because the set of discontinuity points of x is countable. Thus, we have 
proved that DP c (x E LP : x = x* p a.e.). The inverse inclusion is obvious. 
Since x* is nonincreasing we have x* = x* * Z_L a.e. It yields the second 
equality in (a). 
(b) The transformation r ++ x* is continuous on LP (see [13]). Hence 
the set DP = (x E LP : x = x* p a.e.) is a closed convex cone and, there- 
fore, clp(cone E) c DP. 
Conversely, let x E D P. One can assume that x 1. Define: X+ =: 
max(O, x), x-=: max(O, -x). Then 0 < X+ 1 and 0 < x- t (is nondecreas- 
ing). The standard construction ensures that there exist sequences of nonneg- 
ative simple functions x,’ and xi being pointwise increasing to x+ and x-, 
respectively. In addition, x,’ J and X, f for each n, hence x,‘, -xi E 
cone E. Sequences (x+ - x,’ )P and (x - xi)” of nonnegative functions are 
pointwise decreasing to 0, and, moreover, 0 < (x’- xz>P < (x+-- x:>P and 
0 ( (x-- r,)P < (x - x;>P, where the functions (x’- x:>P and (x-- 
x;) P are integrable. Lebesgue’s dominated convergence theorem gives LP- 
convergence x,’ and x, to x+ and x , respectively. Hence x = x+- x- is 
the limit of the sequence x,’ - x, with elements in cone E. 
(c) For every interval II c Z and E > 0 with the property n + E C Z 
let /,(x(t) - x(t + .c))dp(t) > 0. Then for any 6 such that 0 G 6 =G 1 
the function s - 1,“’ a xdp is nonincreasing on [O, 1 - 6). By Lebesgue’s 
theorem on differentiation of an integral we get: d(/,“+ ‘xdp)/ds = 
d(/,““xdp - J,Sxdp)/ds = x(s + 6) - x(s) > 0 p a.e. on 10, 1 - 61. 
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Hence, denoting Ps := {s E [O, 1 - 61: (s, s + 6) E T} we have p(Ps> = 
1 - 6, where T := T(x) is defined in Lemma 3.1. Now, consider the 
transformation @(s, t) := (fi(t + s)/2, G<t - s)/2) = (v, 7). Then @T 
= {(o, 7) : (s, t) E T} = I((+, T) : 0 G t G fi/2, T G o < fi - r and 
a-‘( U, 7) E 2’). It is easy to see that (QT)., , = {a : 7 < CT < fi - T and 
W’(a, r) E T} = GP+ + 7, therefore p((@T).,.) = fip(P,g) = &cl 
- r&j = fi - 27. Th e orthogonality of @ gives pn(T) = p2(@T) = 
J,jfi/‘p((@T); .)dp(~) = JO$/‘(fi - 27)dp(7) = f. The sufficiency part of 
(c) is a simple consequence of the Lemma 3.1. The necessary part is obvious. 
W 
The convex cone 0: occurs in considerations on weak spectral order. Its 
characterization is given in the following theorem. 
THEOREM 3.2. The following statements hold: 
(a) Dt = {x E LP : x = x* and x > 0 p a.e.} = {y E LP : y = x* and 
x > 0 p a.e.}, 
(b) D y = clP(cone E + >, 
(c) 0; = {x E LP : jnxdp 2 0 for aZE II c Z and /,(x(t) - x(t + 
&N+(t) > 0 f or all n C Z and all E > 0 such that II + E c I, where II is 
an interual}. 
Proof. (a) It f 11 o ows directly from the definition of 0’; and Theorem 
3.la. 
(b) A measureable set A c I can be approximated by unions of disjoint 
intervals in the semimetric induced by the symmetric difference of sets. Thus 
every nonnegative function in LP is a LP-limit of a sequence of nonnegative 
step functions and hence 
Lr = cl,(cone H). (3.1) 
By Theorem 3.lb we get clP(cone E,) = cl,(cone E fl cone H) C 
cl,(cone E) 1’7 cl,(cone H) = DP f~ Lr = Dl. 
The converse inclusion is a consequence of the reasoning presented in the 
proof of Theorem 3.Ib. 
(c) It is commonly known that: L C = dual,(LY,), where l/p + l/q = 1. 
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x dp 2 0 for all intervals II c Z . (3.2) 
Now, it is sufficient to use Theorem 3.1~ and the statement (3.2) taking into 
consideration that D$? = D P n L C. ??
REMARK 3.1. According to the definition of the dual cone, Theorem 3.1~ 
and Theorem 3.2b can be equivalently expressed in the forms: DP = dual G 
and DC = dual,(G U H), respectively. Moreover, it is easy to see K t at 
cone(G U H > = cone(G U H,). 
Now, we are ready to give cone characterizations of spectral orders in LP 
with p > 1. Assume x, y E DP. By Theorem 3.la 
y-xx-o< e(x-y)dp / for all e E E, I 
and next, by Theorem 3.Ib 
x - y E dualpE = dualp(cl,(cone E)) = dualpDq. 
In the same way, for weak spectral order, 
y-x-cx-0~ e(x-y)dp 
I 
for all e E E,, 
Z 
which, by Theorem 3.2a is equivalent to 
x - y E dual,E+= dualp(clg(cone E,)) = dual+DY,. 
Therefore we get following corollaries 
COROLLARY 3.1. For x, y E DP, p > 1, the following conditions are 
equivalent: 
(b) x - y E d&,09, where l/p + l/q = 1. 
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COROLLARY 3.2. For x, y E DP, p > 1, the following conditions are 
equivalent: 
(a) y -c-c x, 
(b) x - y E dual,D4,, where l/p + l/q = 1. 
Now, we give a characterization of the dual cones of DP and Df. 
THEOREM 3.3. Zfp > 1 and l/p + l/q = 1, then 
(a) dual,Dq = {x E LP : Jtxdp.= 0, Jixdp 2 0, 0 < s Q l}, 
(b) dual, 09 = cl,(cone G). 
Proof. (a) is a consequence of (2.1) and Theorem 3.Ib while (b) is a 
corollary from Remark 3.1, by equality (2.1) and Lemma 2.1. ??
In a similar way one can prove 
THEOREM 3.4. Zf p > 1 and l/p + l/q = 1, then 
(a)dualpD4,={XELP:I~Xd~.0,0~s~1], 
(b) dual, D4+ = clp(cone(G U H,)). 
4. DIFFERENTIABLE FUNCTIONALS ON Lp PRESERVING 
THE SPECTRAL ORDERS 
Let Y be a functional on LP, p > 1. We say that 3 
(i) is rearrangement invariant, if 9(x) = fi y> for equimeasurable func- 
tions x and y, i.e., x* = y*, 
(ii) preserves strong (weak) spectral orders if y < x implies fi y) < 9x1 
for x, y E LP ( y < < r implies s( y> <fix) for x, y E Lp in case of weak 
spectral order). 
Let V,flx) denote the directional derivative of the functional 7 at the 
point x in the direction s. We say that 9is weakly differentiable at the point 
x if its directional derivative at the point x is a continuous linear functional; 
i.e., there exists such a function (VY), E L9, that V,flx) = /r(VY),sdp. The 
function (Vfl, is called the gradient of the functional 9at the point x. 
Schur [I51 and Ostrowski [9] have proved that a real differentiable 
function r,!~ preserves majorization if and only if I(I is symmetric and its 
gradient (Vi&Xx) f or x E D is a vector in the cone D. Similarly, a real 
differentiable function I,!J preserves weak majorization if and only if +!I is 
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symmetric and its gradient (VI/J)(X) for x E D is a vector in the cone D, 
(cf., e.g., 17, Example 1, p. 57711. F or rearrangement-invariant differentiable 
real functionals on Lp, p > 1, one can give following sufficient conditions of 
the Schur-Ostrowski type: 
THEOREM 4.1. Let 7 he a rearrangement-invariant functional on LP 
with p > 1, which is continuous on Dl’ and weakly dierentiahle on cone E. 
Then: 
(a) (V?, E Dq j%r all c E cone E implies that .Ypreserves strong spec- 
tral order, 
(b) (Vfl, E 04, f or a 11 c E cone E irnplies that Y preserves weak spec- 
tral order, 
where l/p + l/9 = 1. 
In the proof of the theorem we need the following 
LEMMA 4.1 (c.f. [12, Lemma, p. 5711). For any x, y E DP with p > 1, 
such that y -C x ( y 4 + x) there exist sequences x0 and y,, with elements in 
cone E with properties: 
(i) ys <, xv ( ys + <,x,1 for any integer 7 
(ii) x9 “f x and ys 2 y. 
Proof of the Lemma. For convenience but without loss of generality one 
can assume that the cone DP consists of nonincreasing functions. Let A C Z 
be a set with a positive measure and x E LP, p > 1. Assume that a,(x) := 
(l//~(A))/~xdp and for any integer n define 
X” := %J/&)X[0,1,n] + XX(l/n,l-l/n) + cu[,_l,n,l](X)X~l_l,n,l). 
Then for any x, y E DP, p > 1, and arbitrary integer n we have: 
(1) x, E D P and is bounded, 
(2) x, “,” x, 
(3) y N x implies yn + x,. 
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The properties (1) and (3) are simple to verify. To prove (2) it is sufficient 
to note that 
= P( A)-l’p(~~~~~pd~)l’P. 
Hence 
ij 1 
'/P 
IIaA( x)xAllp = 1a.J x)1 P( A)l’p G lxIPd~ 
A 
and 
Ilx - x,llp < 2( /ol~nlxlpdp)l’p + 2( /-;l,lxlpdlLjI/p 
by continuity of the Lebesgue integral w.r.t. I_L. 
For arbitrary integers n and k we define subintervals of 
-+O 
Z 
Hi := 
i 
[(i - 1)/25/2k] for i = 1,. . . , 2k .- 1 
[l - 1/2k, l] f ori =2k 
and step functions 
X 
” k = c xn(i/2k)xn,> 
_...-A- 
i=l 
2k 
x n.k = tFlxn((i - 1)/2k)X”,. 
Then for any n andx, E D P, p > 1, such that y -C x we have: 
(4) xn>k, 9, xnsk E cone E for any k, 
(5) xn,kG ‘n,k G xn>k for any k, 
(6) x,k, k = 1,2, . . . pointwise increases to x,, p a.e., x~,~, k = 
1,2,. . . pointwise decreases to x,, p a.e. (more exactly, s, k = 1,2, . . . 
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pointwise increases to x, and x,, k, k = I, 2, . . . pointwise decreases to x, in 
continuity points of xn), 
(7) x,,k, k = 1,2 ,... pointwise converges to x,, p a.e., (more exactly, 
x ,,k, k = 1,2 ,... pointwise converges to x, in continuity points of x,), 
(8) 1x,1, Ix,,kl G max(i~~,,I,nI(~)l, I~~l_l,n,lI(~II, 
(9) x,, k, k = 1,2, . . . LP-converges to x,, 
(10) Yn,k + x,,, k for any k. 
The properties (4) (5) (6) and (8) are obvious, (7) follows from (5) and (6) 
and (9) is a consequence of (7) and (8) by-Lebesgue’s dominated convergence 
theorem. To prove (10) let s := i/2k + tI/2k, for an integer i, 0 < i < 2k, 
and 0 Q 8 < 1, then by (3) we have: 
= jll Wk)%J Yn) + Wkbrli,l Yn) 
i i+l 
= (1 - 0) c Wk)%JY”) + 0 c (V2”)a,*(Y,) 
(=l [=l 
= (1 - 6')lb/2ky,.kdp + tf’+1”2kyn,kdp 
- e)[“*y,,dp + ejD(i+1)“2kyndp 
- 
_ 
e)j”2kX,dp + e/(i+1)‘2kxndp 
0 0 
e)lii2’x 
0 
,,kdp + e/‘i+“‘2kx,,kdji 
0 
Moreover, /&/,,,& = j;yJp = /;x,dp = j;X,,kd/.& thus t,,,k -C x,J. 
By (9) for any n there exists integer k, that (lx, - x,, k,llp < l/n and 
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Ilyn - yn,k,,llp =s l/n. H ence, by (2), (41, and (10) the sequences x,,~,, and 
yn, k fulfill required conditions. II 
For the weak spectra1 order the proof is analogous. ??
Proof of Theorem 4.1. Let a, b E cone E such that b 4 a is arbitrary. 
The mean value theorem yields 9(a) -9(b) = jI(Vfl,(a - b)dp > 0 for a 
c:=Ba+(l-B)b,O<0<1since8a+(l-B)bEconeEanda-bE 
dual D’ (see Corollary 3.1). Th us Ypreserves the strong spectral order on 
conePE. As was shown in Lemma 4.1, for any x, y E DP such that y < x 
there exist sequences x,, and y,, with elements in cone E which converge in 
LP to x and y, respectively and, moreover, ytl 4 x,,. Hence flyI <9(r) 
since 9 is continuous on DP and preserves the strong spectral order on 
cone E. Now, it easy to see that .7preserves strong spectral order on LP, too. 
It follows directly from the assumption that Yis rearrangement invariant and 
x* E DP for any r E LP (see Theorem 3.la). 
Analogously, applying Corollary 3.2, one can show that any rearrange- 
ment-invariant functional on L P, p > 1, being continuous on D P and weakly 
differentiable on cone E preserves weak spectra1 order if only its gradient on 
cone E is a function in 04,. w 
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